Abstract. The possibility of the annihilation process occurring during scattering of a positron by an atomic target is taken into account by means of an absorption potential. The imaginary absorption potential is chosen so that its matrix element in the plane wave Born approximation correctly reproduces existing perturbation theory expressions for the annihilation cross section. The momentum space Lippmann-Schwinger equations for positron-hydrogen scattering with the imaginary absorption potential are solved for some simple close-coupling expansions at energies below the positronium formation threshold. The optical potential calculations agree with previous perturbation theory calculations.
The scattering of a positron by an atom is always accompanied by the possibility of annihilation of the incident positron with one of the atomic electrons. The standard approach to the calculation of the annihilation cross section is to use perturbation theory in a procedure consisting of two stages. Initially, one has to solve the Schrödinger equation for the e + -atom scattering complex. The possibility of electron-positron annihilation is neglected during the solution of the Schrödinger equation. Once the wavefunction for the collision system has been obtained, the transition matrix element for the annihilation operator is calculated according to the usual prescription based on quantum electrodynamics (QED) [1] [2] [3] . From the transition matrix element one can easily compute the annihilation cross section and the annihilation parameter Z eff . As far as we know, all calculations of the annihilation parameter for positronatom collisions have used this approach [4] [5] [6] [7] [8] [9] [10] . Background information on the annihilation process can be found in [2, 3, 10, 11] .
In the present letter a procedure is presented that does not make recourse to first order perturbation theory in order to compute the annihilation parameter. An optical model formulation is used to treat the positron annihilation process nonperturbatively. An imaginary absorbing potential is used to account for loss of flux due to positron annihilation during the collision process. Such a description possesses certain formal advantages, making the computation of the annihilation cross section just a byproduct of a scattering calculation. In addition, such an approach may be useful when the annihilation cross section becomes large and therefore the use of first order perturbation theory might result in inaccuracies.
The starting point for our treatment is the Lippmann-Schwinger equation for positronhydrogen scattering. The scattering wavefunction for the positron-hydrogen system (r 0 , r 1 ) is written as a close coupling expansion over the set of hydrogen α (r 1 ) and positronium β (ρ) states (ρ = r 1 − r 0 ). The set of Lippmann-Schwinger equations for the T -matrix is
This set of Lippmann-Schwinger equations does not consider the case of positronium scattering from the residual ion since there is no equation for the k β |T |k β T -matrix element in equation (1) . Throughout this letter all equations are written in the atomic unit system. It is known that the annihilation parameter, Z eff , in the plane wave Born approximation for an atomic target [2] can be written
This expression is actually a sum rule which takes into account the possibility of positron annihilation at all recoil momenta. (This expression is normally written without the (2π) 3 factor which comes from the momentum normalization of our scattering states [3, 12, 13] .) The annihilation parameter, Z eff , is related to the spin-averaged absorption cross section by the identity
The spin-averaged absorption cross section is equal to 1 4 times the absorption cross section in the singlet channel. Therefore, the interaction potential in the Lippmann-Schwinger equation, V (r 0 , r 1 ) is modified by defining an interaction potential defined by
The complex absorbing potential is
In this expression, c is the speed of light in atomic units whileÔ S is a spin projection operation that only permits annihilation in the spin singlet (S = 0) case. From now on, the projection operator will be omitted and the discussion will be restricted to scattering in the singlet channel. The necessary spin averaging is done when the annihilation cross section is computed. The constant 2π/c 3 was fixed by the requirement that the evaluation of the absorption cross section in the first Born approximation gives Z eff = 1 when substituted into (3). The simplest way to verify this is to use equation (40) of [12] 
which relates the matrix element of the optical potential (in the forward direction) to the Born absorption cross section.
The inclusion of complex absorbing potentials into the momentum space LippmannSchwinger equation poses no numerical problems in calculations [12] . The matrix elements of the absorbing potential are
The first two matrix elements in equations (7) are quite easily incorporated into the scheme of calculations while the third matrix element involves a δ-function. The third matrix element initially caused some concern until it was realized that the δ-function would always occur inside an integral for energies below the Ps formation threshold. The problems associated with the 3rd term of equation (7) are sufficiently involved to warrant detailed discussion. First, the set of equations (1) is decomposed into irreducible components, by means of partial wave expansions of the matrix elements involved. After the partial wave decomposition, the three-dimensional integral equations (1) are replaced by one-dimensional equations, namely
In these equations, the superscript J is used to represent the total angular momentum of the scattering wavefunction, while the subscripts αL refer to the channel index (α) and orbital angular momentum of the positron (L) coupling with α to give a total angular momentum of J . The matrix elements of W need to be treated separately for the last term (the matrix elements of V can of course be computed with existing procedures [13] ). The integral equations are solved numerically by replacing the integral with a quadrature rule [12] , in effect resulting in a set of equations for T (J ) β L ,αL (k i , k j ) at the abscissae of the quadrature rule. These T -matrix elements are multiplied by the V -matrix elements which can include the δ-function interaction. In order to proceed, it is instructive to consider how to handle δ-function singularities in normal integrals.
Suppose we wish to integrate the function g(x, x )h(x) from 0 to ∞ using numerical quadrature. One generates a set of abscissae and weights {x i , w i } and
Further, suppose we only wish to determine the value of I (x ) for those values of x that are elements of the set of {x i }, i.e. x = x j where x j ∈ {x i }. Equation (9) can still be used without any loss of generality. When the function g(x, x j ) is a δ-function one expects that
Now consider the discretized δ-function defined for a set of quadrature weights and abscissae. Define the function
where δ ij is the Kronecker function. Evaluating I (x j ) with δ {x,w} (x, x j ) gives
The function δ {x,w} (
, correctly integrates an arbitrary (discretized) function and therefore can be regarded as the discrete representation of the δ-function for a specific quadrature rule. Using this device makes it possible to handle the δ-function in the integral
With this expression, the 'matrix-element' of the δ-function was easily incorporated into an existing program to solve the Lippmann-Schwinger equation for positron-hydrogen scattering.
In the present letter the equations are solved for the static and coupled static models. In the static model, the close coupling expansion is truncated to positron scattering from the direct potential of the hydrogen ground state. In the coupled static model, only the e + -H(1s) and Ps(1s)-p channels are retained in the close coupling expansions. We employ the notation [10, 13] that uses CC(M, N ) to designate the number of hydrogenic (M) and positronium (N ) states retained in the close coupling expansion. Thus, the static model is denoted CC(1, 0) and the coupled static model is denoted CC (1, 1) . The purpose of the present letter was to establish the viability of the method rather than presenting detailed calculations for large channel spaces.
The matrix elements of the annihilation operator W take very simple analytic forms for the present restricted channel space. The matrix elements are
The Lippmann-Schwinger equations were solved numerically using a transformed 48 point Gauss quadrature [12] . The 48 point grid was large enough to rule out discretization errors as a major source of inaccuracy in the solution of the Lippmann-Schwinger equation. The main source of numerical inaccuracy in the solution of the integral equations was the very small size of the matrix elements of the annihilation potential. Typically, the optical potential matrix elements were about five to six orders of magnitude smaller than other matrix elements. This limited the accuracy to which Z eff could be computed. The phase shifts and absorption cross sections were computed with the usual formulae,
and
The absorption cross section computed above is of course the cross section in the singlet scattering channel. The spin-averaged absorption partial cross section is related to the partial wave annihilation parameter Z J eff by the identity
where
is the spin-averaged annihilation cross section. The total annihilation parameter Z eff is simply the sum of all the partial wave contributions [3] . The threshold value of Z [10] are also given in table 2. In most instances, the two sets of annihilation parameters are in very good agreement. This agreement is better than expected. The actual subroutine that solves the linear equations in the scattering program uses 32-bit single precision (seven to eight digits) arithmetic and the T -matrix elements themselves are written as eight-digit numbers to a file. Changing the seventh digit of the T -matrix element by ±1 is sufficient to change Z eff by amounts of about 1%. Given these limitations, the level of agreement was amazingly good and for all practical purposes can be regarded as within the respective numerical uncertainties of the present and previous perturbation theory calculation [10] . During the course of the calculation it became apparent that the numerical uncertainties stated in [10] might be on the optimistic side. The value of Z eff was more sensitive than expected to the numerical details of the calculation.
To summarize, it has been demonstrated that the positron annihilation process can be included into the Lippmann-Schwinger equation and treated as an intrinsic feature of the scattering process. This has the advantage that the annihilation cross section can be directly extracted from the elastic T -matrix element without the need to construct the scattering wavefunction from the half-shell T -matrix element. In addition, the present ansatz for calculating the annihilation cross section is not restricted to first order perturbation theory and therefore might be preferable in situations where the annihilation cross section is larger. The possible extension of the current approach to more realistic descriptions of positron-hydrogen scattering would seem eminently feasible. However, the small size of the annihilation potential matrix elements means that fine numerical details of the calculation should be scrutinized to eliminate any possible sources of numerical error. This work was supported by a research grant from the Australian Research Council.
